Chiral topological superconductors are expected to appear as intermediate states when a quantum anomalous Hall system is proximity coupled to an s-wave superconductor and the magnetization direction is reversed. In this paper we address the edge state properties of ordinary quantum Hall systems proximity coupled to s-wave superconductors, accounting explicitly for Landau quantization. We find that the appearance of topological superconducting phases with an odd number of Majorana edge modes is dependent on the structure of the system's vortex lattice. More precisely, vortex lattices containing odd number of superconducting flux quanta per unit cell, always support an even number of chiral edge channels and are therefore adiabatically connected to normal quantum Hall insulators. We discuss strategies to engineer chiral topological superconductivity in proximity-coupled quantum Hall systems by manipulating vortex lattice structure.
I. INTRODUCTION
The quest for Majorana modes in two-dimensional electron systems has been one of the most active areas of condensed matter research over the past decade. Majorana modes were initially proposed by Ettore Majorana [1, 2] as an interpretation of real solutions of the free particle Dirac equation in which particles are their own antiparticles. The topic of Majorana particles and modes then received an interesting boost from condensed matter physics after the theoretical prediction of their presence as quasiparticles of the ν = 5/2 fractional quantum Hall state, and as zero energy Bogoliubov-de-Gennes (BdG) quasiparticles in superconductors with p±ip pairing symmetry [3, 4] .
Two-dimensional (2D) superconductors with p ± ip pairing break time reversal (T )-symmetry and have low energy propagating chiral edge modes that satisfy the Majorana property γ † k = γ −k . The appearance of edge localized quasiparticles in these superconductors is related to the topological classification of the Bogoliubovde-Gennes (BdG) mean-field Hamiltonians that appear in the theory of superconductivity. An important distinction between the topological classification of superconductors and that of ordinary non-interacting band electrons is that the BdG Hamiltonian acts in a doubled Hilbert space. Its fermionic quasiparticles are correspondingly superposition of electron and hole components. The two dimensional, T -symmetry broken topological superconductor is in class D of the Altland-Zirnbauer classification [5] . The topological phase of this superconductor is identified by an integer Z index which counts the number of chiral Majorana edge modes (CMEM). When the index Z is even, the system is topologically equivalent to an ordinary quantum Hall system and therefore does not provide a distinct transport signature of CMEMs. On the other hand, when the index * gaurav-ph@utexas.edu Z is odd, the identification of CMEMs and topological superconductivity can in principle be accomplished by detecting half quantized Hall plateaus. This distinction between odd and even-Z, or equivalently between odd and even numbers of Majorana edge modes is the starting point for the present work.
Propagating Majorana modes at the edge of 2D topological superconductors (TSCs) are similar in many ways to the Majorana zero modes (MZMs) localized at the ends [6, 7] of 1D TSCs. MZMs can also be found as zero energy quasiparticles bound to an isolated vortex in a 2D-TSC threaded by a unit magnetic flux [6] and are of potential interest as a physical basis for topological quantum computation because of their non-Abelian braiding statistics [8, 9] . A recent proposal also shows that CMEMs can also be used to achieve topological quantum computation [10] .
Since natural TSCs are rare, efforts have been made to engineer them. The first success was achieved by proximity coupling semiconductor quantum wires with strong Rashba spin-orbit coupling to an s-wave superconductor under a Zeeman field [11] [12] [13] [14] [15] [16] [17] . Topological superconductivity can also be achieved by proximity coupling s-wave superconductors to topological insulator surface states [18] [19] [20] [21] [22] [23] [24] , placing magnetic ion chains/islands on top of an s-wave superconductor [25] [26] [27] , and occurs in some Febased superconductors [28] [29] [30] [31] . For TSC systems based on proximity-coupling to parent s-wave superconductors, the general scheme is to obtain the topological property from an exploitable feature of the electronic structure of the host system, for example from the large spin-splitting in the Dirac-like surface state of 2D band topological insulators [18] . Alternately, the topological nature can stem from single particle Chern bands [21] .
Experimental work on topological superconductors has so far focused mainly on finding MZMs at the end of quasi-1D chains [15-17, 20, 25] . Although the CMEMs have been elusive, one recent experiment [21, 22] has identified possible signatures in a transport study of a magnetic topological insulator thin film that is proximity arXiv:1903.12249v1 [cond-mat.mes-hall] 28 Mar 2019 coupled to an s-wave superconductor [22] . In their normal state, magnetic topological insulators can be tuned between Chern insulator states that exhibits a quantized anomalous Hall effect which changes sign upon magnetization reversal. In thin films, magnetized topological insulator can also become normal insulators. The Chern insulator is formed when interactions between surface state quasiparticles and the magnetic order parameter are dominant and the normal insulator state when hybridization between the top and bottom surfaces of the film are dominant. When coupled to an s-wave superconductor the Chern insulator states yields even-Z TSCs, whereas the normal state generates a topologically trivial superconductor. If one naively models magnetization reversal by smoothly changing the coupling between quasiparticle spins and the magnetic order parameter between positive and negative values, odd-Z superconducting states that support isolated Majorana edge modes appear as an intermediate phase. Because film thickness cannot be tuned in situ, the transition between normal states with different Chern numbers is normally tuned by using an external magnetic field to drive magnetization reversal, generating an intermediate state that typically contains a magnetic domain pattern, complicating the interpretation of any experiment [22, [32] [33] [34] [35] . In this paper, we theoretically explore the possibility of following an alternative and potentially simpler route to engineer CMEMs, namely by looking near plateau transitions in ordinary quantum Hall systems.
Since the quantum Hall (QH) effect usually requires fairly strong external magnetic fields it has until recently generally been viewed as being incompatible with superconductivity. Observing TSC in QH system has recently been identified as an important direction for theoretical and experimental work for several reasons: i) to realize parafermions which are generalization of Majorana edge modes obtained when the fractionalized edge modes of fractional quantum Hall systems have induced topological superconductivity [36] , ii) to achieve better tunability and control of multiple CMEMs involving higher Chern numbers, and iii) because of the on going debate on whether or not a half-integer quantum Hall plateau is a unique signature of Majorana edge modes or can alternately be induced by disorder [32] [33] [34] [35] . Since QAH edge modes are not typically quantized as perfectly as the QH edge modes in realistic disordered systems even in the absence of superconductivity, it seems that progress can be made by looking for half integer quantized Hall plateaus in QH systems. Some theoretical progress in this direction has already been made in a study of systems that are proximity coupled to a parent p-wave superconductor [37] .
With this motivation, we seek to identify the circumstances necessary to achieve topological superconductivity in the QH regime. QH-superconductor proximity systems are hybrid-2D systems with the superconductor thin film in mixed states when under perpendicular magnetic field. We show here that vortex lattice prop-erties influences the topological properties of QH/s-wave hybrid systems. We attribute this feature to the flatness to single particle Landau levels (LL), which lead to bulk quasiparticle dispersion in the superconducting state that is largely determined by the vortex lattice periodicity. We show that the structure of the vortex lattice plays an important role in CMEM formation by determining the degeneracy of band crossings which can potentially drive topological phase transitions between states with even and odd-Z topological indices. Our most important findings apply when small number of Landau levels host superconducting pairing from an s-wave superconductor. In this limit, the details of origin of Landau levels (such as arising from Dirac electron or quadratic band) are not important for possible topological superconducting phases. Instead, the vortex lattice structure plays the main role.
The article is organized as follows. In Sec. II, we describe a model that includes Landau quantization along with proximity superconductivity. In Sec. III, we discuss vortex lattice states in 2D and their relationship to electronic structure in the superconducting state. In Sec. IV, we discuss topological phases from the point of view of bulk quasiparticle spectra, considering single Landau level limit, then a minimal model containing only two Landau levels, and then more generally including many Landau levels with a Debye cutoff. For the purpose of illustrating the most important results of this paper, the two Landau level model is the most important case, as well as achievable in experimentally achievable. In Sec. V we calculate the edge spectrum and demonstrate a transition between ordinary QH edges and edges that support CMEMs as the bulk topological phase is changed. In Sec. VI we discuss possible experiments that are motivated by our calculation. Finally in Sec. VII. we conclude with a brief discussion of our most important findings.
II. PAIRING IN 2D-DIRAC LANDAU LEVELS
In this section we discuss proximity pairing in the Landau levels of a two dimensional system described by a linear band crossing (Dirac) model. Two dimensional Dirac systems, for example the surface states of three dimensional topological insulators, are attractive as hosts for the physics we address because their linear band dispersion leads to large Landau level separations and quantum Hall physics at relatively weak magnetic field strengths that are more often comparable with superconducting pair potentials. However, most of our results are general and equally applicable to ordinary 2-dimensional electron gas (2DEG) systems described by quadratically dispersing bands as we discuss in the Appendix C. We are interested in proximitized superconductivity when these systems are close to quantum Hall plateau transitions, i.e. close to half filling of a Landau level.
The BdG Hamiltonian of the proximity coupled system under consideration is
Here,Ĥ 0 (π) = −v F π · σ is the Dirac Hamiltonian operator of an isolated surface state of a three-dimensional topological insulator and v F is the Dirac velocity. The Pauli matrices σ i act on electron spin. It is important in our calculations that the s-wave pair potential
introduced through proximity coupling is unavoidably non-uniform due to vortex lattice formation when flux penetrates the adjacent superconductor. H BdG in Eq. 1 is written in the basis,ψ r = (ĉ r↑ ,ĉ r↓ ,ĉ † r↑ ,ĉ † r↓ ), whereĉ r↑ annihilates a spin-up electron at position r. We choose to introduce the perpendicular magnetic field B = Bẑ using the Landau gauge vector potential A = (−By, 0) which allows for a simple description of the edge modes on which we focus much of our attention. The electron and hole subspace kinetic momentum operators are then defined as π = p−eA andπ = p+eA respectively, where p = −i ∇ is the canonical momentum operator.
The BdG Hamiltonian of the two-dimensional Dirac vortex lattice state can be conveniently diagonalized in the Landau level basis. We define the Landau level lowering and raising operators in the electron subspace of
In the absence of pairing, Hamiltonian diagonalization reduces to the familiar Dirac Landau level problem. The eigenvalues and eigenvectors in absence of pairing are as follows:
where the normalization factor,
2 is a guiding center label, = /eB is the magnetic length, φ n,kx 2 (r) = (e ikxx / √ L x ) ϕ n (y/ − k x ) is a n th Landau level wave function of the non-relativistic 2DEG, and ϕ n (y) is a one dimensional harmonic oscillator eigenfunction.
The single particle states in the hole block of H BdG can be constructed similarly using hole space Landau level raising and lowering operators,â † =π x − iπ y andâ = π x +iπ y respectively, giving the following eigenvalues and eigenvectors:
whereφ N,Y = φ * N,−Y . For the convenience of calculating matrix element of the pair potential ∆(r), the Bogoliubov quasiparticle amplitude can be expanded over the ordinary 2DEG Landau level basis:
Here u ν σ (r) and v ν σ (r) are respectively the spin σ electron and hole amplitudes of the ν-th BdG quasiparticle.
The matrix elements of the pair potential in the 2DEG-Landau level basis are given by
To evaluate the above expression, we first define center of mass (COM) and relative degrees of freedom, using the Landau level lowering operators,
In the transformed COM and relative coordinates, the wavefunctions φ R and φ r are identical to the singleparticle wavefunctions except that the characteristic lengths are scaled to account for the changes of charge and mass. The effective magnetic lengths are R = / √ 2 and r = √ 2 , for the COM and relative eigenstates respectively. Using this transformation the pairing matrix elements can be evaluated with the result:(See Appendix A for a derivation.)
Here Y C and Y r are COM and relative guiding centers respectively and the δ Y C ,Y C term captures conservation of COM guiding center during a scattering event, and
is associated with relative Landau level wavefunction. The F j pair-potential strength parameter in Eq. 9 are dependent on the details of the vortex lattice of the host superconductor and the proximity coupling process, but are expected to be dominated by the j = 0 ( minimum center-of-mass kinetic energy ) term. The B N,M j define the unitary transformation of pair states from singleparticle to COM and relative coordinates: where n C k = n!/[k!(n − k)!] is a binomial coefficient, N and M are single-particle Landau level indices, and j, N + M − j are the COM and relative Landau level indices [38, 39] In vortex lattice states the COM Landau level decomposition is dominated by the j = 0 channel over a broad range of perpendicular magnetic field strengths, as can be verified using semi-classical solutions of the non-linear Ginzburg-Landau equation [38, 40] .
Truncating the pair Hilbert space to j = 0 simplifies the BdG calculations described below, mainly by reducing the number of parameters needed to specify the pair potential to one strength parameter.
III. VORTEX LATTICE STATES
As mentioned above, we expect that the thin film superconductor responsible for proximitized superconductivity will form a vortex lattice phase over a broad range of perpendicular magnetic field below H c2 . As we will explain further below, the way in which translational symmetry is used to block-diagonalize the BdG Hamiltonian depends on the precise lattice structure. Assuming that the COM Landau level index is j = 0, and choosing a Landau gauge with guiding center orbitals extended along one of the primitive lattice vectors of the vortex lattice, it can be shown that the pair amplitude can be non-zero only on a set of equally spaced pair guiding centers: Y = ta y , where t is an integer. For short-range interactions the resulting pair potential has the form [? ],
Here t ∈ Z varies over integers and the dependence of ∆ t on t determines the vortex lattice structure.
We define the vortex lattice based on the translational symmetries of the magnitude of the pair potential in Eq. 12. For translation λa x in the x-direction where λ varies continuously and qa y in the y-direction where q ∈ Z,
For λ = 1 and q = 0 the translation is by a x in the xdirection. When a x a y = π 2 , the magnitude of the pair potential is invariant under this translation, i.e. |∆(x + a x , y)| = |∆(x, y)|. In fact with our gauge choice the pair potential itself is invariant for a pure x-translation by a x , without taking the absolute value. It follows that a 1 = a xx is one of the two primitive lattice vectors of the vortex lattice. For q = 0, the magnitude of the pair potential after translation along the y-direction is
In general translational symmetry in the y-direction must be accompanied by translation in the x-direction; i.e. the second vortex lattice primitive vector need not be perpendicular to the first. Further, for this particular Landau gauge choice, only the absolute value of the pair potential can be made invariant under the second translation, while the actual pair potential picks up a phase. When ∆ t is independent of t, invariance occurs for q = 1 and λ = 0 so that the second translation vector is a yŷ and the vortex lattice is rectangular (the special case of a x = a y in this class is the square vortex lattice). We define q as the minimum non-zero integer required to satisfy |∆(x + λa x , y + qa y )| = |∆(x, y)|. For general λ and q, periodicity is achieved when
is satisfied for some value of θ. For example q = 1 and λ = 1/2 yields
which defines a triangular vortex lattice. The specific choice of θ = −π/2 gives the familiar expression ∆ t = exp(−iπt 2 /2)∆ 0 often used for a triangular vortex lattice. The second primitive lattice vector is then a 2 = λa xx + qa yŷ . The vortex lattice unit cell has areâ z · ( a 1 × a 2 ), and contains q superconducting flux quanta. Below, we refer to vortex lattices as even or odd, depending on whether q is even or odd. Theoretically, q = 1 odd vortex lattices are the most commonly studied.
In anticipation of the vortex lattice symmetry properties explained in the previous paragraph, we partition guiding centers Y into discrete and continuous contributions by writing Y = sa y +y where s ∈ Z and y ∈ [0, a y ). Since we are considering pairing in Dirac systems in the quantum Hall limit, we express H BdG first in the Dirac-Landau level guiding center basis. The BdG equations then take the form
Here we have transformed from expansion over 2DEG-Landau levels in Eq. 6 to the Dirac-Landau levels. Consequently, for j = 0 pairing we find that (See appendix A, Eq. A7)
with
Note that s-wave pair potentials do not pair electrons that are both in N = 0 Dirac-Landau levels, which are spin-polarized. However, an electron in the zeroth Dirac-Landau level (N = 0) does pair with electrons from higher Dirac-Landau levels (M = 0). Eq. 17 organizes the degrees of freedom into guiding center stripes, with each stripe labeled by an integer s, and the guiding centers within a stripe labeled by a continuous variable y. We note in Eq. 18 that pairing is allowed only between stripes that have indices that are both odd or both even (δ s+s = 2t). This property implies that odd and even stripe indices decouple in the BdG equation; i.e. we can block diagonalize the entire BdG Hamiltonian into two susbsystems distinguished by whether the stripe index is even or odd. We prove in the next paragraph that when |∆ t | = |∆ t+q | and q is odd, the even and odd s subsystem spectra are identical. This distinction between vortex lattice classes plays a major role in distinguishing topological superconducting phases. We will show that only the even flux vortex lattices allow odd-Z chiral topological superconducting phases.
For an odd value of q, we can write q = 2p + 1, where p ∈ Z. We now examine how the pairing matrix elements in the odd subsystems are related to the pairing matrix elements in the even subsystems. From Eq. 15 and Eq. 18
where n, m ∈ Z. Note that s = 2n+1 and s = 2m+1 are odd subsystem stripe indices, and 2(n − p) and 2(m − p) are even subsystem stripe indices. Using Eq. 17, the BdG eigenvalue equations for the odd subsystem can be written as,
the BdG eigenvalue equations are transformed to,
which are identical to those of the even subsystem. Hence, the odd and even subsystems for an odd-q vortex lattice are equivalent. It is easy to see this degeneracy between odd and even subsystem is in general lifted in case of even-q vortex lattices, since there is then no similarity relation like Eq. 20.
In the limit ∆(r) → 0, the system has continuous magnetic translation symmetry. In anticipation of the symmetries of the class of vortex lattice states that we wish to consider, we can exploit the discrete magnetic translational symmetry that remains by choosing unit cells that contain integer numbers of electron magnetic flux quanta. To be concrete we choose A x A y = 2qπ 2 , where A x = 2a x and A y = qa y . With this choice the BdG problem for any general vortex lattice can be block diagonalized in a magnetic Bloch state basis set:
The pairing in magnetic Bloch basis is a q × q matrix for a fixed Landau level indices N, M of pairing electrons:
Since ∆ t is only non-zero on integer values of t, the pairing matrix element in k-space is only non-zero when n and m are either both even or both odd. Based on the arguments used to prove the degeneracy for odd-flux vortex lattice, i.e. q = 2p + 1 from the real space picture, the degeneracy can also be proven in the k-space picture here. More precisely, in the even-odd block diagonalized system, the odd system with n = 2s + 1 and m = 2s + 1 at k = (k x , k y ) is degenerate with the even system with n = 2(s − p) and m = 2(s − p) at k = (k x , k y + π 2qay ). The algebra and linear transformation to show that follows exactly like Eq.20-23. Now, we have formally proven that for the system in consideration here, 2D vortex lattices have distinct classification into odd-flux and evenflux vortex lattice. Where only the even-flux vortex lattice can host odd-Z TSC phase.
To simplify the further discussion related to degeneracy in the spectrum, first note that irrespective of type of vortex lattice, the pairing matrix element in Eq. 25 has an important translational property:
For q = 1 vortex lattices the period is half the reciprocal lattice vector. This implies that the BdG spectrum at a point k 0 = (k x0 , k y0 ) is identical to the spectrum at k 1 = (k x0 , k y0 + π/a y ). For the simplest even flux vortex lattices (i.e. q = 2), the reciprocal space lattice vector length along k y is equal to π/a y , and this degeneracy is not present. Having established all the necessary framework and formal proofs related to distinction between the BdG spectral degeneracies of even and odd flux vortex lattices, we now discuss how spectra depend on the number of Landau levels contained within a pairing window. We will discuss the cases of pairing within one Landau level, two Landau levels, and many Landau levels separately. Since our main goal is to address the connection between vortex lattice structures and the topological phases, we study q = 2 vortex lattices as the simplest example of the even flux vortex lattices and compare with q = 1 odd-flux vortex lattices. In addition, we restrict our attention to the λ = 0 and λ = 1/2 cases, which for q = 1 give square and triangular vortex lattices respectively. For the most part, we will be solving the BdG matrix equation:
for q = 1 and q = 2. For the case of q = 1 we will often not use subscript n, m indices.
A. Pairing within a single Landau level
The simplest example of superconductivity in the QH regime is the case in which only one Landau level lies within the pairing window. This limit is relevant if a regime can be achieved in which the Landau level separation is larger than the Debye pairing window energy E D of the parent superconductor and at the same time magnetic field weaker than its upper critical field H c2 . This is, of course, not a regime that is frequently achieved, but is more accessible when the proximitized system has a Dirac spectrum with widely spaced low energy Landau levels that a parabolic system with equally spaced Landau levels. Because of Landau level truncation, the BdG spectrum in this limit is simply given by
When the relevant Landau level energies are aligned with the chemical potential, quasiparticle energies vanish whenever F N,N (k) = 0. These positions in momentum space at which the energies vanish are then related to the zeros of the Hermite polynomials associated with the pairing Landau level, as noted previously [41] in relation to spinless pairing in the zeroth-Landau level. For the simplest case of pairing in the N = 1 Dirac Landau level, all the band touching points are Dirac like as seen in Fig. 2 . If pairing is in N > 1 Dirac Landau level, as illustrated in Fig. 2(a) , both linear and quadratic band touching points occur. For odd q flux lattices each band touching point that appears in the interval [−π/qa, 0) are replicated in the interval [0, π/qa), as explained in the previous section.
To further explore the topological nature of the physics in this regime, we expand the 2×2 BdG Hamiltonian near the quasiparticle band touching points,
In Eq. 29 we have chosen the zero of energy to be the single-particle energy of the relevant Landau level and the ± sign allows either chirality for the Dirac points, and α and β are constants. The use of different α and β allows for the anisotropies in Dirac point velocities that can be seen in Fig. 2(a) . The power γ determines type of band touching, for example γ = 1 for Dirac band touching and γ = 2 for quadratic band touching. The Landau level is partially occupied when |µ| ∆ 0 . For Dirac band touching, the low energy H BdG in Eq. 29 resembles the BdG matrix of a spinless p-wave superconductor near the critical point of topological phase transition. The two topologically distinct phases are distinguished by the sign of µ. When µ is tuned through zero, gaps close and reopen and the system experiences topological phase transitions at which the total Chern number changes. In finite systems, the number of edge state channels also changes, as we discuss later. For odd q, Dirac points appear in pairs and both Chern numbers, and as we show explicitly later, the numbers of edge channels change by an even integers when these Dirac points appear. The quadratic band touching points relevant to pairing in higher Landau levels can be analyzed in a similar way.
B. Two Landau-level model
In the previous section we discussed topological phase transitions driven by varying µ in a system with a single Landau level in the pairing window. In real physical systems it is carrier density that is controlled by gate voltages, not µ, and µ changes irregularly with magnetic field strength. For example at T = 0 and in the absence of pairing, µ changes discontinuously, jumping from being pinned at one Landau level energy to begin pinned at another. The minimal model that incorporates that consequence of the strongly peaked densities of states of Landau level systems is a model with two Landau levels in the pairing window. A q = 1 two Landau level system has a 4 × 4 BdG Hamiltonian which makes it possible to obtain closed form expressions for eigenvalues, which are however not especially transparent. However, the important insight is that by tuning ∆ or Landau level gap one can close and open BdG gaps.
In the absence of superconductivity, the system is always a gapped quantum Hall insulator (QH 1). Gap closings and topological phase transitions can be driven either by varying the pairing strength ∆ 0 , or by using magnetic fields to tune the energy separation between Landau levels, as shown in Fig.3 (a) . The value of ∆ 0 at which gap closes, scales with the Landau level separation. The circumstance is closely analogous to the case of proximity superconductivity induced in the surface states of magnetically doped topological insulators, the system that hosts the only established experimental example of a quantum anomalous Hall (QAH) state. In that case an intermediate TSC phase appears when the surface state exchange fields are reversed to drive the system between two different quantum Hall insulators [21] . Based on this analogy one would expect that the first gap closing to occur as ∆ 0 increases to convert the quantum Hall insulator into a chiral topological superconductor Fig. 1 (a) -(b). In these calculations the µ has been placed halfway between Landau levels so that the lower Landau level is completely occupied and the higher Landau level empty in the absence of pairing. Band touchings are accompanied by transitions between a QH insulator (QHI 1) and another QH insulator (QHI 2) state, both of which have an even number of chiral Bogoliubov edge states. (b) Quasi-particle spectrum at a gap closing point for q = 1 square vortex lattice. In this case there are two Dirac like gap closing points in the first BZ. (c) When the vortex lattice symmetry is lowered by setting the pairing strength ∆t to different values in odd and even stripe regions, giving the vortex lattice illustrated in Fig. 1 odd-Z = 1. Here though the topological phase diagram depends on the type of vortex lattice. In Fig. 3 (a) the gap closing lines mark phase transitions between QH Insulators. The ∆ 0 → 0 limit in this case is a QH state with a full N = 1 Landau level, and as we discuss later in Sec. V, two chiral edge states in the doubled BdG Hilbert space. Once the pairing is turned on the system no longer has quantized Hall conductance, however, it is still adiabatically connected to a QH insulator and has two edge channels as long as the gap does not close. The difference compared to the QAH case appears when the gap closes and reopens. In the QAH model the Diraclike gap closings occur only at the Γ-point in momentum space and are generically accompanied by odd integer changes in the topological Z-index. One of the two BdG doubled quantum Hall edge states survives. This is the single chiral Majorana edge mode, and is expected to yield a half quantized conductance plateau in transport experiments [42] , although the experimental reversal process [22] is more complex than simply smoothly changing the surface state exchange field. When solved in a Landau-level basis, the bulk properties of the QH model do not explicitly exhibit the topological character of the non-paired states. The BdG spectrum is determined by F N,M (k). As mentioned earlier, for odd flux vortex lattice, each energy has even number of ks. Band crossings therefore always occur in pairs as illustrated in Fig. 3 (b) . This leads to the important conclusion that in the QH transition for odd-flux vortex lattices, the Z-index always changes by an even integer, and the number of edge channels changes by two or multiples of two. This conclusion will be confirmed using explicit edge state calculations in Sec. V.
To achieve a chiral topological superconducting phase with an odd number of edge modes, one needs to break this degeneracy between the even and odd s subsystems. The simplest way is to allow different pairing amplitudes, ∆ 0 and ∆ 1 , for even and odd index stripes. With this choice 
The k-space picture is modified by block diagonalizing the BdG matrix Eq. 27 in the odd and even system and halving the BZ along k y such that k y ∈ [0, π/a y ), since this lowers the translation symmetry, such that the smallest repeating unit cell now contains two electronic flux quanta. The matrix takes the following form,
A change in topological index from even to odd cases occurs when a gap closes in only one of the two blocks. Once the degeneracy between odd and even system is broken, the gap closings generically occur at different values of magnetic field in the even s and odd s blocks. The region between the subsystem gap closings is shaded in red in Fig. 3 (c) . We identify this region as having a chiral topological superconductor state and an odd number of Majorana edge modes.
C. General model with Debye cut-off
In a realistic model the number of Landau levels in the pairing window increases with decreasing magnetic field strength. In the normal state the number of Landau level below the Fermi level is inversely proportional to magnetic field and successive crossings between the Landau levels and the Fermi energy leads to gap changes and jumps in Hall conductance. Here we show that for finite pairing there are extra gap closing points associated with each Landau level crossing, implying extra topological phase transition points. However, for the case of odd-q vortex lattices, all these phase transitions involve simultaneous gap closing at two different points in momentum space and connect one quantum Hall insulator state with another. Once the pairing amplitude is allowed to take different values in even and odd striped regions, yielding a q = 2 vortex lattice, band crossings occur singly. In the example illustrated in Fig. 4 the gray regions show the fields strengths where the ground state is a chiral topological superconductor. The extent of the CTSC phases can be tuned by varying ∆ 0 − ∆ 1 . At weak magnetic fields, the Landau level gap is much smaller than ∆ 0 , there are many Landau levels within the Debye pairing window, and the low energy quasiparticles are best viewed as bands formed by hybridizing vortex core bound states associated with different vortices. In case of Dirac model, these vortex core bound states at weak magnetic field are MZMs [43, 44] , since the Dirac model proximity coupled to an s-wave superconductor under time reversal symmetry is the famous Fu-Kane model [18] . For the 2DEG case at weak field limit, the low energy vortex core bound states are not Majorana. In that sense, the low field sector indicated by the shaded blue region in Fig. 4 is dramatically different for Dirac model and ordinary 2DEG model when proximity coupled to an s-wave superconductor, but is not the focus of this work (See Appendix C for comparison between Dirac and ordinary 2DEG). However, the high field sector in QH regime is qualitatively same.
V. EDGE STATE PICTURE
In this section we discuss the BdG spectrum of finite width stripes to establish bulk-edge correspondence and demonstrate the presence of chiral Majorana edge modes.
In the continuum Dirac model we employ, we have defined the stripes by adding a smooth confining potential around the edge of the sample and truncating the Hilbert space to the two Dirac Landau levels. In doing so, we have assumed that edge states from Landau levels which are not in the pairing window but may be active at the Fermi level do not play a role. The BdG equations then take the following form:
Here, the smooth confining is specified by letting
Here U 0 sets the strength of confining potential and S bulk ∈ Z sets the width of the bulk part of the stripe. We have performed stripe state calculations that correspond to the bulk calculations for the model that retains only the N = 1 and N = 2 Landau levels. The edge states shown in Fig. 5 accurately describe the system when ∆ 0 ξ N +1 − ξ N and the two Landau level model remains valid. Our calculations contain 100 integer s indices. In the absence of pairing the system is a QH insulator, with edge states at the Fermi level coming from the occupied Landau levels. In the BdG-doubled Hilbert space, these modes are doubled but retain the same chirality due to the combination of particle-hole inversion and momentum label reversal in the hole block of the BdG equations. For weak pairing regime the quantum Hall gaps remain open. The two chiral edge state branches plotted as solid red and blue lines in Fig. 5(a) , are localized on the left and right edges respectively, and evolve from N = 1 Landau level edge states. For the odd q vortex lattices, the bulk calculations discussed in Sec. IV B and Fig. 3 (a) show a topological phase transition. On the other side of the gap closing point the system again has even number of chiral edge states as shown by four chiral edge states in Fig. 5(b) . This evolution is similar to ordinary quantum Hall edge state evolution, as the magnetic field is decreased, the number of edge states increase, and for finite stripe widths are eventually become indistinguishable from bulk states as B → 0. To induce a topological superconducting phase with odd number of Majorana edge mode, we allow even and odd stripes to take different pairing amplitudes, which breaks the degeneracy between the two subsystems. As the magnetic field strength is decreased, the even and odd subsystem gap closing points move away from each other and the intermediate phase is a topological superconductor that hosts three Majorana edge modes as shown in Fig. 5(c) .
VI. EXPERIMENTAL OUTLOOK
The relationship we have established between the vortex lattice configuration and the topological classification of superconducting states evolves from the factor of two difference the magnitudes of the electron and superconducting flux quanta, and from magnetic translation group properties. It is not dependent on the underlying zeromagnetic field electronic structure. We have focused on two-dimensional Dirac bands here because they lead to large Landau level separations at relatively weak magnetic fields, and therefore seem to have the best chance of being compatible with proximity superconductivity in resolved Landau levels.
Indeed, the first major experimental challenge in exploring this relationship lies in achieving Landau quantization in the regime where superconductivity still survives. When the Landau level separation in a twodimensional system is comparable to other energy scales, like the proximitized superconducting gap, we can expect edge states to have relatively short localization lengths and to be experimentally accessible via transport experiments. This circumstance is generally referred to as the quantum Hall regime. Dirac systems with large Fermi velocities are ideal for achieving the quantum Hall regime without destroying superconductivity. For monolayer graphene (v F ∼ 10 6 m/s) and the Dirac surface states of a three dimensional (3D) topological insulators (v F ∼ 5 × 10 5 m/s), the largest Landau level gap already exceeds 10meV at B ∼ 1T . Moreover, superconductivity has recently been successfully induced in both graphene [45] [46] [47] [48] and topological insulators [19, 20, 49] .
The next challenge is to eliminate double degeneracies that the system might possess in the normal state, for example degeneracies associated with spin, since these degeneracies tend to favor even-Z topological phases. Monolayer graphene has spin and valley degeneracy and very weak intrinsic spin-orbit coupling. Because of these, quantum Hall transitions in monolayer graphene occur in multiples of four (i.e. σ xy = e 2 (4N + 2)/h) unless spin and valley symmetries are spontaneously broken [50] [51] [52] [53] . This makes monolayer graphene unfavorable for an odd-Z topological superconductivity phase in the quantum Hall regime. The surface states of a 3D topological insulator thin film are effectively spinless due to strong spin-orbit coupling. However there are two surface states, from top and bottom surfaces, and these supply an extra degeneracy. A gate displacement field will induce a potential difference between top and bottom surfaces, λ , which lifts this final degeneracy and leads to single particle Landau level energies
Here, λ is the hybridization energy between top and bottom layer surface states and S N = ± is the surfacedependent Dirac chirality. The potential difference λ breaks the degeneracy of the N th Landau level by splitting it into N + and N − levels. For a typical 5-6 quintuple layers] thick 3D topological insulator, the layer hybridization energy λ ∼ 5 − 8 meV allowing a value of λ on the same scale to induce clear Landau level separations at around 1T field, where thin film Nb-superconductor is well below its H c2 . We propose an external magnetic field generalization, illustrated schematically in Fig. 6 (c)-(d) , of the magnetized topological insulator experiment of He et. al. [22] in which a thin Nb film was deposited on a a thin film of a Cr doped 3D topological insulator, in our proposal the topological insulator is not doped. In the case of interest here, we propose the entire system is placed under a perpendicular magnetic field, such that the surface states of the 3D topological insulator are in the QH regime. The edge states indicated in Fig. 6 (c) , correspond to BdG doubling of the single edge channel expected when one surface state conduction is below the Fermi level. The two edge state channel configuration in the bare topological insulator region is equivalent to one QH edge state in the absence of pairing. In the region covered with the superconductor, there are two corresponding Bogoliubov edge states. In Fig. 6 (d) we imagine that the vortex lattice configuration has been manipulated by varying the perpendicular field strength, the thickness of the superconducting film, or any other property in a manner that is commensurate with the natural vortex lattice so as to convert from a q = 1 vortex lattice to a q = 2 vortex lattice. This is equivalent to tuning ∆ 0 − ∆ 1 , as studied theoretically in our model calculations. Beyond a critical value of ∆ 0 −∆ 1 , the surface that is covered by superconductor can host only one Bogoliubov edge state, as shown in Fig. 6 (d) . In this configuration, one of the two edge states from the BdG doubled space in the bare topological insulator region is reflected from the superconducting region and the other is transmitted. As argued by Chung et. al. [42] , such a reduction should lead to a half-quantized longitudinal conductance plateau in two terminal transport measurement. When the Majorana mode is induced by magnetization reversal, it has been argued [33, 34] that a similar half-quantized conduction can result simply from strong disorder. In the present case, vortex lattice manipulation does not introduce additional disorder, in particular in the un-proximitized regions of the topological insulator. A clear half quantized conductance plateau measured in this way would therefore be a compelling signature of a Majorana edge mode and more importantly an effective 2D spinless p ± ip superconducting phase.
VII. DISCUSSION AND CONCLUSION
It is well known that vortices in effective p-wave superconductors host bound Majorana zero-modes [43, 44, 54, 55] . In an external magnetic field a vortex lattice [43, 44] forms and the Majorana modes start to overlap to form low energy Majorana mini-bands, that are initially well separated from higher energy excitations of the superconductor. The limit considered here is reached at still stronger magnetic fields, at which the vortices overlap substantially and the vortex core spectrum is not well separated from rest of other excitations. Moreover, in this limit, most of our results generally apply for Landau levels emerging from ordinary 2DEG as well as Dirac electrons. This is important, because in the weak field limit, the ordinary 2DEG coupled to an s-wave superconductor is not an effective p-wave superconductor. We have established a relationship between a classification we introduce for vortex lattice structures, and the topologi-cal classifications of superconducting phases which applies in this quantum Hall regime. Even though Majorana mini-bands can no longer be distinguished in the bulk, Majorana edge channel modes are present when the superconducting state has an odd Z topological index. Achieving superconductivity in the Landau level regime is becoming more commonplace [56] [57] [58] ., but it still a challenge. Although most easily probed by edgesensitive transport experiments, the relationship between vortex lattices and topological classification has a bulk origin, related ultimately to the difference between the electron and Cooper-pair magnetic flux quanta. One important future direction of work is the effect of disordered vortex lattice, and possibility of using disorder to induce odd-Z topological index in the TSC regime. Note added -After completion of this work, a recent related work appeared [59] focusing on Majorana zero modes trapped at vortex core in single Landau level limit.
Appendix A: Pairing matrix elements in Landau level basis
In this section we derive expression for pairing matrix element in Landau level basis. The evaluation involves calculating the integral in Eq. 7. For the sake of generality, the pair potential ∆(r) when solved self consistently in the parent superconductor, takes the form of sum of different COM channels j [39] :
Notice that the pair potential used in main text is simply just keeping j = 0 channel of the above form. The pairing matrix element between 2DEG-Landau levels as shown in Eq. 7
after substituting pair potential involves integrals over product of three Landau level wavefunctions. Sincē φ M,Y = φ * M,−Y , transforming Y → −Y (since it is just a dummy variable in current form), and using the transformation to the COM and relative coordinate systems, the identity [38] 
can be used. Here the transformation matrix B N,M j is defined in Eq. 11, Y c , and Y r are COM and relative guiding centers respectively. The transformation to COM and relative coordinates simplifies pairing matrix elements following the steps:
Here
The pairing matrix element is then
which after sum over t and using Eq. 10 substituting χ |N |+|M |−j for ϕ |N |+|M |−j is the same as written in Eq. 9 of the main text. When the guiding centers are represented by integer stripe index and a continuum as described in main text, the COM and relative guiding centers are described as,
and the condition δ Yc,tay , gives k x = −k x , s + s = 2t. The above matrix elements are calculated in the ordinary 2DEG Landau level basis for the compactness of the expression, however, all the numerical calculation in our main text are performed in Dirac Landau level basis. The transformation of the above algebra to Dirac Landau levels N and M follows simply as,
Above only j = 0 pairing channel is retained. Here D N,M j is defined in Eq. 19 of main text. Using the integer stripe index and continuum label representation for the guiding center in Eq. A8, we can obtain Eq. 18 of main text.
Appendix B: Vortex lattice symmetry and magnetic Bloch states
When the superconductor has vortex lattice symmetry, such that |∆ t+q | = |∆ t |, we first write the integer index s of the guiding center as pq + m, such that
Then the pairing matrix element coupling guiding centers Y and Y in this representation is given by In this section we extend the discussion in the main text to the ordinary 2DEG Landau levels and show the main results of inducing superconductivity in QH regime and the connection between vortex lattice structure and odd-Z classification of TSC is insensitive to this detail. Although the low field limit of the two cases is dramatically different. To convey the main point through simplified analysis, we consider only the q = 1 case.
To have a good comparative understanding of the two cases, first consider the single Landau level limit. When µ is exactly at Landau level energy, the spectrum: Hence, irrespective of type of vortex lattice, the BdG Hamiltonian in single Landau level is odd parity for Dirac case and even parity for ordinary 2DEG case. This means only the Dirac case in its single Landau level limit can be an effective p-wave system. Now focusing on only k = 0 point, the Dirac case is gapless at that point with Dirac touching point, while ordinary 2DEG case is generally not.
The discussion in single Landau limit, although brings out qualitative difference between effective pairing symmetry of Dirac Landau level case compared to 2DEG Landau level case, however under our construction single Landau level cannot drive topological phase changes in either scenario. If we turn to the opposite limit of weak magnetic field where many Landau levels contribute to pairing, the situation is again dramatically different for Dirac and ordinary 2DEG case. Dirac case with T -symmetry proximitized to an s-wave superconductor . This indicates the system is effective p-wave superconductor as predicted by Fu-Kane model [18] . In contrast when Landau levels of ordinary 2DEG are proximity coupled to s-wave superconductor, in the weak field limit, the lowest vortex core bound state is at finite energy as shown in (d). This is expected for an s-wave superconductor. is shown to be an effective p-wave superconductor [18] , while the ordinary 2DEG case is s-wave superconductor. This can be seen in the Fig. 7(b) and (d) . In the isolated vortex limit, which is relevant at weak magnetic field, an s-wave superconductor binds Caroli-de Gennes-Matricon states to the vortex core, which have energy levels E n ∼ (n + 1/2)∆ 2 /E F , where ∆ is the superconducting gap and E F is the Fermi energy and n is a positive integer [60] . This can be seen by the finite energy of the lowest energy band in Fig. 7(d) . In contrast for the p-wave superconductor vortex core levels have energy E n ∼ n∆ 2 /E F [61] . This evident in the Fig. 7 (b) with the zero energy band of vortex core states. In terms of possibility of Majorana, this means the Dirac case can bind MZMs at the vortex core under suitable conditions, while ordinary 2DEG cannot. For the intermediate limit of a few Landau level, which is of focus in this work, the qualitative physics for Dirac and 2DEG is similar. In particular, in context of possibility of odd or even number of chiral Majorana edge modes, the vortex lattice structure is the main tuning knob. As shown in Fig 8 for a representative case of two landau level model of ordinary 2DEG, the odd number of CMEMs can be achieved by suitable tuning of Landau level gap, superconducting pair potential and vortex lattice tuning.
